A SPACE-TIME DISCONTINUOUS GALERKIN DISCRETIZATION
FOR THE LINEAR TRANSPORT EQUATION
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Abstract. We consider a full-upwind DG approximation in space and time for the linear transport equation.
Based on our results for linear symmetric Friedrichs systems we establish inf-sup stability and convergence in a
mesh-dependent DG norm, and we construct an error indicator with respect to this norm. Numerical results of
test problems with known solution demonstrate the efficiency of the a priori and a posteriori results as well for
smooth and for non-smooth solutions. Then, we show that by introducing suitable degrees of freedom on the
space-time element boundaries the corresponding hybrid formulation yields a reduction to a considerably smaller
linear system.
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2 A space-time DG method for the linear transport equation

1. Introduction

Full upwind discretizations in space for convection-diffusion systems and more general for hyperbolic conservation laws
are well established, and for upwind discretizations in time equivalence to implicit Runge-Kutta methods can be shown.
Combining these to space-time upwind discretizations has the advantage that this allows for a numerical analysis of
adaptive schemes where the discretization in space can be modified in every time step.

For linear symmetric Friedrichs systems and H? regularity of the solutions, O(hs’l/ 2) convergence can be established for
discontinuous Galerkin approximations in space with respect to a suitable mesh-dependent DG norm [Ern and Guermond,
2021, Chap. 57|, [Di Pietro and Ern, 2011, Chap. 7]. This applies also to a space-time approximation for acoustics, where
estimates for all discrete time steps in a DG semi-norm are presented in [Bansal et al., 2021, Prop. 6.5].

This is extended to DG full upwind space-time discretizations for linear wave equations in [Corallo et al., 2023], where
inf-sup stability and convergence in the mesh-dependent DG norm is proved and a corresponding error indicator is
constructed. Convergence order O(h*~'/2) in the mesh-dependent DG norm requires only H® regularity in the space-time
cylinder and thus only H*~'/2 regularity for the solution in space at fixed time. Since the Ly norm at the time steps can
be bounded by the mesh-dependent DG norm, this rate is optimal.

Here, these results are adapted to the linear transport equation, where the main difference in the analysis is the dependence
of the flux on the spatial coordinate which requires additional estimates and suitable assumptions on the flux vector.
Moreover, we show that the unified hybridized discontinuous Galerkin framework [Bui-Thanh, 2015] transfers to our
space-time method, i.e., by solving local problems in every space-time cell a reduced global system for the face degrees of
freedom is derived.

The numerical analysis in this work includes the lowest-order case with piece-wise constant approximations in every
space-time cell corresponding to finite volumes in space and the implicit Euler method in time. The stability of the
method is obtained by the upwind flux. This differs from other methods, where stability requires an appropriate choice
of the basis functions and the polynomial degree in the ansatz and/or test spaces.

A class of discontinuous Petrov—Galerkin methods (DPG) is introduced and applied to the transport equation in [Demkow-
icz and Gopalakrishnan, 2010], where for given discontinuous ansatz spaces an optimal test space is constructed, and the
continuity requirements of the solution are approximated weakly by introducing element interface degrees of freedom.
Solving local element problems, the system can be reduced to a symmetric positive definite system for the interface
variables. The DPG analysis proves convergence in the graph norm and is based on inf-sup stability with respect to
a sufficiently large test space. Qualitative convergence estimates require additional regularity of the solution. A corre-
sponding adaptive method is analyzed in [Dahmen et al., 2012], inf-sup stability is established in [Broersen et al., 2018],
and reliability and efficiency of an error estimator up to oscillations is shown in [Dahmen and Stevenson, 2019].

Meanwhile, the DPG method is applied to a large class of equations including space-time discretizations for acoustic
waves [Demkowicz et al., 2017, Gopalakrishnan and Sepulveda, 2019, Ernesti and Wieners, 2019a, Ernesti and Wieners,
2019b]. Recent applications to convection-dominated problems and the extension to the L,-DPG method are considered
in [Li and Demkowicz, 2022, Mutioz-Matute et al., 2022, Demkowicz et al., 2023].

Several approaches for convection-diffusion problems in space also apply to the transport equation. Here, hybrid high-
order methods (HHO) methods are well established for this problem class. An overview to this method and comparison
with other approaches are discussed in [Di Pietro et al., 2016].

The paper is organized as follows. In Sect. 2 we introduce the notation for weak and strong solutions of the linear
transport equation. In Sect. 3 we introduce the DG discretization in time and in space. In particular, two representations
for the full upwind method are derived, where the differential operator and the jump terms on the space-time element
interfaces are applied to the ansatz functions (primal representation) or to the test functions (dual representation). This
is essential for the analysis of well-posedness and stability in Sect. 4 as well as for the existence proof of weak solutions
and the qualitative convergence estimates in Sect. 5. Adapted to the a priori analysis in the mesh-depending DG norm,
we introduce in Sect. 6 an a posteriori error indicator, and numerical results in Sect. 7 illustrate the convergence of the
DG scheme for smooth solutions as well for discontinuous Riemann problems. The hybridization is addressed in Sect. 8.
In Sect. 9 we conclude with a short discussion of possible applications if the numerical analysis in mesh-dependent DG
norms also applies to other discretizations.
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C. Wieners 3

2. The linear transport equation

We consider the linear transport equation in a bounded domain  C R¢ with Lipschitz boundary 92 and in the time
interval I = (0,7). The space-time cylinder is denoted by @ = (0,T) x Q. For S C @ the Ly norm and inner product
are denoted by || - ||s and (-,-)s. Let n € Lo (9;R?) be the outer normal vector field a.e. defined on 99, and for convex
subsets K C § outer normal vector field is denoted by nx € Lo, (0K;R?).

We aim to compute the transport of a quantity w: [0,T] X Q — R along a given vector field q: & — R?. The
corresponding flux function f is given by f(u)(t, x) = u(t, x) q(x) for (¢,x) € @, and the evolution is characterized by the
conservation property for all convex subsets K C €2 and time intervals (¢1,¢2) C (0,T)

/ (u(to,x) — u(ty,x)) dx + /t2 / f(u)(t,x) -n(x)dadt =0. (2.1)
K t, JoK
In order to obtain a unique solution, the conservation property is complemented by the initial condition

u(0,x) = u’(x), x € (2.2)
and the boundary condition on the inflow boundary Ty, = {x € 9Q: q(x) - n(x) < 0}

f(u)(t,%) - n(x) = gin(t, %), (£,%) € (0,T) x T'in - (2.3)

If the solution u and the vector field q are sufficiently smooth, the conservation property (2.1) is equivalent to

Ou~+divf(u) =0 in Q. (2.4)

Multiplication with a smooth test function v: [0,7] x @ — R and integration by parts in the space-time cylinder yields
0= / (ﬁtu(t,x) + div (£(u) (£, %) ) v(t, x) d(t, %) (2.5)
Q
= / u(t, x)( — J(t,x) — q(x) - Vo(t, x)) d(t,x)
Q

T
—|—/ (u(T,x)v(T,x) — u(0,x)v(0,x)) dx —|—/ / f(u)(t,x) -n(x)v(t,x)dadt.
Q 0 Joo
This motivates to define the test space with complementary homogeneous space-time boundary conditions
V= {U € CHQ): v(T,x) =0 for x € Q,v(t,x) = 0 on (t,x) € (0,T) x Fout} , Tout = 00\ Ty

Definition 2.1. For given vector field q € La(Q; R?), initial value u® € Lo(R2), and inflow data gin € La((0,T) x Tin),
u € Ly(Q) is a weak solution of the linear transport equation, if

/cgu<t7X)( — O(t,x) — q(x) - Vv(t,x)) d(t,x) = /QUO(X)’U(O,X) dx — /OT /Fjn gin(t, x)v(t,x) dadt, veV'. (2.6)

Defining Lu = 0yu + div(f(u)) and the adjoint L*v = —9yv — q - Vv, we directly obtain the following result from (2.5).
)

Lemma 2.2. Let u € Lo(Q) be a weak solution. Then we obtain by (2.6) that the weak derivative Lu € Lo(Q) exists
satisfying (Lu,v)g = (u, L*v)g = 0 for v € CL(Q), so that Lu = 0 in Q. If in addition the solution is sufficiently regular
with initial value u(0) € La(Q) and trace £(u) -n|rxr,, € La(I x Tiy), the weak solution is also a strong solution satisfying
the equation (2.4), the initial condition (2.2), and the boundary condition (2.3).

Remark 2.3. For weak solutions of symmetric Friedrichs systems the definition of the test space with adjoint boundary
conditions is discussed in detail in [Corallo et al., 2023]. This directly corresponds to the boundary conditions of the
adjoint problem L*v = r backward in time within dual-primal error estimation; see [Dorfler et al., 2023, Chap. 4] for the
application to space-time discretizations of linear hyperbolic systems.

Remark 2.4. In porous media applications the pressure distribution p € H(Q) and the flur vector q € H(div,Q) for
given uniformly positive definite permeability tensor k € ngxn? are determined by the elliptic problem

q=—kVp and divqgq=0 in Q, p=pp on I'pC N, g n=gy on I'y=00\Tp. (2.7)
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4 A space-time DG method for the linear transport equation

3. The space-time full-upwind discontinuous Galerkin discretization for linear transport

3.1. Discontinuous finite element spaces in the space-time cylinder

We use the notation introduced in [Corallo et al., 2023] for tensor product space-time meshes combining the mesh in
space {2, with a decomposition in time Ij,.

Let the elements K C €, K € K} be open polygons, and we assume that also the domain 2 is a polygon so that

Q= J Kand Q=Q,U00,. For NeNlet 0=tg <t; <--- <ty =T be a time series.
KeKky,
We define the open time intervals I, ;, = (tn—1,tn), n =1,..., N, the decomposition

[O,T]:Ihua_[h, Ih:(to,tl)U“‘U(thl,tN)CI:(O,T), th:{tmtl,...,tN,l,tN}
with time-step sizes At, = t, — t,_1. Let At = max At,, be the maximal time step. We assume quasi-uniformity in I,
ie., Aty € [cquAt, At] with ¢qy € (0,1] independent of N.

In the space-time cylinder (Q we define a tensor-product decomposition into space-time cells

Rh:{R:InthK:nil,...,N, KE/C}L},

N
Qn=TnxU=JQur=|J RC Q=IxQcR", with Quin=|J InnxK C LinxQ.
n=1 ReRy, Kekp

Let F' € Fx be the faces of the element K, and we set 7, = |J Fx, so that 9Q; = |J F is the skeleton in space
Keky FeFy
and 0Qy = Ol x Qp U I, x 0y, is the corresponding space-time skeleton.

For inner faces F' € 7, N and K € K, let Kr be the neighboring cell such that F = 0K N0Kp. We assume that the

inflow boundary is compatible with the mesh, i.e., Iy, = | F.
FeFpNTin

The DG discretization is defined for a finite dimensional subspace V;, C V), C C(Ij; Sp,), where

Sy = {vn € C1(Q): vh,x = va|k extends continuously to vy, x € C°(K)}
Vi = {vh € CHQn): Un,h,K = Un|1, . xK €xtends continuously to v, n x € CO(Imh X K)}
We set hg = diam K, hp = diam F, and h = maxhg. We assume quasi-uniform meshes and shape-regularity, i.e.,

hr > cghi for FF € Fi and hg > cych with cg, e > 0 independent of K € Kp. In the following, we use the
mesh-dependent weighted L norm in the space-time cylinder and the Ly norm on the space-time skeleton 0Qp,

~1/2 al 1 9 1/2 N ) 1/2
Hh vhHQh, = (Z Z hi ||UhHIn,h,xK) ) thanh = (Z Z ||Un,h>K||a(1n,th)) ) Up € Vi

n=1Kekj, n=1KeKp

For the vector field q € Lo (€2;RY) let q;, € Lo (2,; RY)NH(div, Q) be a H(div, ) conforming finite element approximation,
so that g, x - g = qp K, - i on all inner faces F' = 0K NOKp. We assume for simplicity that qp x - nx|p is constant
for all F' € Fy, since we use lowest-order Raviart-Thomas approximations for the flux vector in our implementation.

For every space-time cell R = I,, ;, x K we select polynomial degrees pr = p,, x > 0 in time and sp = s, x > 0 in space.
With this we define Vj, g =P, . ® P, (K) and the discontinuous finite element spaces in Q2 and in @Q

Sp,p = H Py, « (K), Sh=58n+--+SvnCSh,
KeKy,

Van = [ Pous @Ps, o (K), Vi =Vin+-+Vyn C VW,
KeKK,

where P, denotes the space of polynomials up to order p. For the following, we fix p = maxpr and s = maxsg, so that

Sn,h C Sy, C PS(Qh) C Sh, Vi, C Pp(fh) ® Sy C Pp(fh) (%9 Ps(ﬂh) CV.
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C. Wieners 5
3.2. The discontinuous Galerkin method with full upwind for linear transport
We construct a discretization for the linear problem to find u € Ly(Q) solving

b(u,w) = f(w), w e VP~

T
with b(v, w) = m(v,w) —|—/ a(v(t),w(t)) dt and, using the notation v(t) = v(t,-) € La(Q),
0

T
=— | vouwd(t,x), a(v(t),w =— v(t)) - Vw x, lw)= [ vw X — in (D)w adt.
m(ew) = = [ vdrd. ), a(w).w00) =~ [ #00)-Tuwix, )= [ wwodac [0 ] g

in

The Riemann problem. In the first step, we consider the special case q € R? and constant initial values v~,ut € R
forx-n < 0and x-n >0 with n € R n-n = 1. Then we define the piecewise constant function u € Ly(Q) by

- —tq) - 0
ut, (x—1tq) -n>0,

and we observe for v € CL(Q)
(u,—0w —q- VU)Q = /u(t,x) (;) . (_%;}g: ;3) d(t,x) = / (ut —u")v(t, x) (;) . <q_;1) da(t,x) =0,
Q {(t,x)eQ: (x—tq)-n=0}

i.e., u is a weak solution of the transport equation. In particular, for ¢ > 0 and x-n = 0 we obtain u(t,x) =u~ ifq-n >0
and u(t,x) = ut if @ - n < 0. This now defines the upwind flux.

Full upwind in space. For vy, w;, € S, we observe for the discrete flux £, (v,) = vi, qp, integrating by parts for K € Kp,
(div fh(vh)awh)ﬂh = Z (- (Fn(vn.x), Vwn i) . + Z (£r(vn, k) - nK7wh,K)F> :
KekKy, FeFk

For conforming functions v € H'(£2), the flux £ (v) is well defined on inner faces F' € Fj, N Q.
For discontinuous functions v, € Vj, this is approximated by the upwind flux

fh(UhK)y FE.F?(M, ¢
k X ot —=IF : . > F
£ () = { fulonr). FeF2\Tiy with TR AP € i dnn 2 0on Py )y
K,F SR K ’ in _ [P c Fp- 0 2
0 FeFunly, ® ={F€Fx:annx<0onF},
and we set

ah(vh,wh): Z (—(f},,(l)m}(),vw},,?K)K—F Z (quer(Uh)'nK;wh,K)F> . (3.2)

KeKn FeFk

We set f‘;g p(op) =0o0n F € .7-'}? N T, since we insert gi, on the inflow boundary which is included in the right-hand side.

Integrating (3.2) by parts yields

ah(vh,wh): Z ((divfh(vh’K),whyK)K—i— Z ((fljl(p,p(vh)_fh(vh,K))'nK7wh,K)F> . (33)

KeKp FeFk

Defining [vp] k. = Vn,kxp — Un i On inner faces F € Fj, N2, we obtain
up 1
(fK,F(Uh) — f(vnk)) nK = [”h]K,F§(CIh ‘ng —|qn - ngl) .
This yields the following equality.

Lemma 3.1. We have

1 1 1
2 71z 2 2
ap(vp,vp) = 3 vhdlvqhdx—&—z E E ([vn]x,F) |qh-nK\da+§ vy |qp - n|da, v € S
n KeKy, FeFrna’ 69
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6 A space-time DG method for the linear transport equation

Proof. We obtain from (3.2) and (3.3) and div f;(vy) = vp divgn + qp, - Vop, in Qp

an(Vp,vn) = 5 Z ( (Fn(vn,k): Voni) , + Z (F3 p(vn) - nx, o0 k)

KEK}L FeFk

+ (div £r(vn. k), vn k) o + Z ((f}lgF(vh) — £ (v, K)) - nKaUh,K)F>
FeFk

1
= 5/ Uhleqh dX+ - Z Z fUp fh(’U}L )) 'nKWh,K)F
Qp

KEK:h FeFk

so that we obtain the assertion by proving the identity

>3 (o)~ EaCone) mac i)y =5 > X (enlerlan il fonlice)p + [ oflan - nlda.
o0

KeKy, FeFk KG’Ch FeFrNQ
On inner faces F' € Fp N2, this follows from
(F p(von) — fr(vnk)) -0k, vn k) p + (20 p(vn) = Fu(vn kp)) - DKL, VR L) g

= ([vn]x.p(an -0k = |an - nkl), vn.k) o + ([Val ke P(An - DEe = |an - DEp]), 0n k) &

+ (Fr(onk) g, 00 k) o+ (Fn(onkp) - Nip, Vhkp)

= ([vnx.ran -0, vnk) p — ([onlk Plan - 0kl vn k) @ + (O] PR - D, VLK) + ([Vn] e Plan - Dk ] VR K 5

+ (Uh,KQh : nKﬂlh,K)F - (Uh,KFOIh ‘g, Uh,KF)F

= ([Uh]K,F‘qh : nK|a [Uh]ICF)F

since ([vn]k,ran - DK, vh k) o + ([Vh] K. FQR - DK, V8 KE) o+ (OhKDh DK, V8 K) o — (Vh KGR DK, Un KR ) o = 0.

On the boundary, we have

((2F3 p(vn) — £r(vn)) -0k, vn) p = —(0nQn - K, V) p = (vnlan - D], vn) 4 Fe F,NTiy,
((Qflil(pF( ) — fr(v ))'HK,Uh)FZ (Uth'nK7'Uh)F: (U}L|Qh'nK‘7vh)Fa F e FnNTout - O
Full upwind in time. For v, w; € V), we obtain after integration by parts in all intervals I, , C I,
N
tUh, Wh = — \Un,h, OtWn Un,h\ln ), Wn h(ln — \Un,h\ln—1), Wn h {ln—1 .
(0 )o Z( (Onh Ownn) g+ (Unn(tn) (tn)) g — (Unn(tn-1) (t ))Q>
n=1
Introducing the jump terms [wp]n = Wyt1.4(En) — Wy p(ty) forn=1,...,N —1 and [wp]n = —wn 5 (tn), we define
N
NERTIEDY ( Un, OWn,h) . T (v, (tn), [wh]n)(z) : (3.4)
n=1
Again integrating by parts and defining [vs]o = v1,,(0) yields
N
mh(vh,wh) = (8tvh,wh Z ’Uh n—1, Wn, h(t ))Q . (35)
n=1
Together, we obtain for vy, € V}, from (3.4) and (3.5)
N
2 (vn, vn) = mp (0n, 0n) + M (vh, vn) = Y ( Onln—15 U (tn=1)) g = (Vnn(tn); [Uh]n)g) (3.6)
n=1
N-—
= (vn(0),v1(0)) ¢, + (vn(T) Z ( Unlns Uns 1,0 () g = (Vnn(tn) ) Z [[on]n HQ 20.
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C. Wieners 7

The full upwind method in space and time. The discrete bilinear form is defined by
T
bh(vh,wh) = mh(vh,wh) +/ ah(vh(t),wh(t)) dt, Vp, Wp € Vi . (37)
0
From (3.2) and (3.4) we obtain consistency up to the data error by the approximation of the vector field q
bp, (vp, w) = b(vp, w) +/ vp(q —qp) - Vwd(t, x), vy € Vi, w eV (3.8)
Q

for smooth test functions, and from Lem. 3.1 and (3.6) we get for discontinuous functions v, € V

1< 1, 1 1
br(vn,vn) = 52||[’Uh]nH;+§(vhd1VQh,vh)Q+§ Z H‘Qh'nK|1/2[Uh]K,FH§><F+§H|Qh'n|1/20h||§xag- (3.9)
n=0 FEFnNQ

The following analysis relies on a stability estimate weighted in time by dr(t) =T —t.

Lemma 3.2. If divq, > 0, we have
H'UhHQQh +T ”Uh(O)H?Zh < 2bp,(vp, drog) , vp € Vi

Proof. The identity for vy € Vp

oIy, = Z/ (vn(t), vn(t)) o, Drdr(t) dt
tn

N

Z( /n 18tvh(t),vh(t))ﬂhd¢p(t) dt — dr(tn) (vn,n(tn), van(t )) A dr(ta- 1)(un,h(tn_1),vn,h(tn_l))ﬂh)

= 2(Bons drvn) o, + D drltn) ((Oar1n(ta)s Vns1 b)) g, = (O (ta) vun(tn)g, ) = T lorn(to) I,

h

is bounded by

Z_ dT(tn) ((Un-‘th(tn)a Un-i-l,h(tn))ﬂh - (Umh(tn)? U”7h(t”))§2h)
n=1

N-1
= dT(tn) (anrl,h(tn) - Un,h(tn)7 anrl,h(tn) + Un,h(tn)>ﬂh
n=1
N—-1
= dT(tn>([/l)h]navn+1,h(tn) +vn,h(tn))ﬂh
n=1
N—-1 N
= dT(tn) (2([Uh]n7 vn+1,h(tn))ﬂh - (['Uh]n; [Uh]n)Qh> < 2 Z dT(tnfl)([vh]nfla 'Un,h(tnfl))g )
n=1 n=2
so that the assertion follows from div q; > 0 and Lem. 3.1 by
N
(vn, Uh)Qh + T |lvrn(to) 13, < 2(0un, dth)Q;L +2 Z dT(tn—1)([Uh]n—1,Un,h(tn—1))9h = 2myp(vn, drvy)
n=1

T
< 2 (vn, drop) + 2 / dr(t)a(on(t), vn(8)) dt = 2by (v, dgvn) -
0

O

Remark 3.3. The DG method in time with fized polynomial degree is equivalent to the Radau Ia collocation method.
This is used in [Corallo et al., 2023, Sect. 4.2] to construct an interpolation operator Ip,: Vi, — Vi, which can be applied
to extend the stability result in Lem. 3.2 as follows: if pp x = pp for all K € Ky, andn=1,..., N, we have
2
thHQ < 20y, (vi, T (d7vn)) v € Vi

Page: 7 job: SpaceTimeTransportRevised2 date/time: October 13, 2023



8 A space-time DG method for the linear transport equation

4. Well-posedness and stability for the DG method

In this section we show that a unique discrete solution exists and that the solution is stable with respect to a mesh-
dependent DG norm. Therefore, we assume for the H(div)-conforming approximation of the flux vector

Al) divg, > 0,
A2) for the discontinuous function div(vyqp) in Qp we assume div(vpqn) € Vi,
A3) inflow and outflow boundary characterized from the continuous and the discrete flux coincide, i.e.,

Tw=JF, Tow= | F with Fr={J 72, A= 7

FeFin FeFput Kekhp KeKp
4.1. Well-posedness of the full-upwind space-time DG discretization for linear transport
Lemma 4.1. A unique Galerkin approxzimation uy € V}, exists solving
br(un,vr) = £(vy), vp € V. (4.1)
Proof. dimV}, < oo, so it is sufficient to show that w, = 0 is the unique solution of the homogeneous problem ¢ = 0.
Then, by (up,up) = 0, so that by (3.6), Lem. 3.1 and assumption A1) all jump terms and boundary traces are vanishing,
and we obtain from (3.2), (3.3), (3.4), and (3.5)

0= bh(uh, ’Uh) = (Uh, 78{0}1 —qp Vvh)Qh = (atUh + diV(uthh)7 Uh)Qh s UV € Vh . (42)

Now, defining v, = dyup + div(upqp) in Qp we observe by assumption A2) that v, € Vj,.
This yields 0 = by (up, vp) = Hatuh + div(uhqh)Héh, i.e., Orup + div(upqgp) = 0. Thus, (4.2) extends to Vy, i.e., we have

bh(“h, Uh) = (8tuh + div(uhqh), Uh)Qh = 0, Vp € Vh .
Testing with vy, = drup € V5, we obtain from Lem. 3.2 that ||Uh||2Qh < 2bp (up, drup) = 0, which finally proves up, =0. O
4.2. Inf-sup stability of the full-upwind method in the DG norm

For all vy, € V,, we define the DG semi-norms and norms

. 1/2
2 2
W+2|||qh~n|1/2vh||m) |

1 & 1
|vh|h,DG - (2 Z ||[”h]”H522 + 4 Z Z H|01’I ’ nK|1/2[Uh]K,F|

n=0 KeKp FEFrNQ

1/2
1Y 2 2 1 2
[onlypa = (2 >~ ([onata-t)[§ + lonnll) + 5 D2 Nlan- nKP/%hH,,W) :

n=1 KekKn

lonll o = V/10els o + 10172 @ewn + divtonan)lg, . llonllpe = v/lonls pee + 1720, - (43)
By construction, we have |vh|h pa < |vh|h pa+s on(vn,wp) < thHh DGHwhHh pa+» and using (3.3) and (3.5), we obtain
|bn (vn, wn) — (Opvn + diV(’UhCIh),wh)Qh‘ < ‘Uh’h’DG’wh’h’DG+ ; Vp, W, € Vi . (4.4)

Analogously to the proof of Lem. 4.1 we observe that ||vh||h pe = 0 implies v, = 0, so that H . indeed is a norm.

H}L,DG

In order to calibrate the accuracy in space and time, we assume for the maximal mesh size in time At and in space h
Cret At < h, (4.5)

where cef > 0 is a reference velocity depending on the flux vector. Since in the following all estimates depend on c¢yef, We
use in our applications appropriate physical units in space and time so that c.f is a moderate number.

Depending on the space-time mesh regularity (and thus also on ¢ef) and on gy, constants Ciyy, Cyr > 0 exists such that

Hh1/2 (atvh + diV(Uth))HQh < O ||h71/2,uh||Qh , < Ctthil/z"UhHQh s vy € Vi (46)

||”hHth
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C. Wieners 9

Inf-sup stability in the DG norm is introduced for the advection equation in [Di Pietro and Ern, 2011, Lem. 2.35]. This
is transferred to symmetric Friedrichs systems in [Corallo et al., 2023] and also applies to linear transport.

Theorem 4.2. We have

b (vp, wp) S
OnlVhs Wh) o v
wheS‘L/IR{O} HwhHh,DG ot SupthHh,DG’ U & VR

with Cinf-sup > 0 independent of the mesh size h and only depending on the mesh regularity and the flux vector.

Proof. For given vy, € V3, \ {0} we define zp, = h(@tvh + div(vhqh)) in Qp, and by assumption A2) we have z;, € V.
The discrete trace inequality (4.6) yields

’Zh}h,DG"' < Ci |h_1/23hHQh = Ci |1/ (Orvn + div(vhqh))HQh < G |UhHh,DG'
Together with the inverse inequality (4.6) we obtain
Il = [l506 + 15172 @zn + divenan)) g, (47)

< }Zh|,21)D(;+ + Ci2nv||h71/22h||2Qh < (Cth + O?HV) thH}Qz,DG '
Using (4.4) we get

(O¢vn + div(vaqn), Zh)Qh = br(vh, z1) < |(Owvn + div(vaqn), Zh)Qh — bp(vn, zn)|

2 2 1 2 C? 2 1 2
< ‘Uh’h,DG‘Zh‘h,DG+ < %‘Uh’h,DG + f&’zh|h,DG+ < %’Uh‘h,DG + §HUhHh,DG‘
Inserting ||h1/2 (Orun, + div(vhqh))HZh = (atvh + div(vran), Zh)Qh this yields
2 2 . 2 C&, |2 1 2
thHh,DG = "Uh|h7DG + (Orvn + div(vaan), Zh)Qh < ‘Uh’hDG + 7|Uh|h7DG + §||UhHh7DG + b (v, 2n) - (4.8)

Using A1) implies |vh|i pa < br(vn, zr) by (3.9), and together with (4.8) we obtain, defining C' =2+ C2,

thHi,DG < C’Uh|}21,DG + 2 by (vp, Zh) < by (v, Cop, + QZh). (4.9)

From (4.7) we obtain ||Cvj, + 2zhHh7DG < (C+2/CL+C2

mV)thHhDG, and we observe Cvy, + 2z, # 0 for v, # 0.
Together, this yields the assertion by

bh(Uh, Cuyp, + 2Zh)
Hth + 2ZhHh,DG

, br, (v, wp)
HU’LH}L,DG < ||th + 2ZhHthG = (C T2y Gt anv) thHh’DG es\l/lp\{O} W 7
wp€Vh h,DG

i.e., Cinf-sup = (C +2 CtZr + 02 )_1' -

mnv

Remark 4.3. In the numerical experiments we use lowest-order Raviart-Thomas approzimations of the flux vector, so
that the assumption A2) is satisfied. Nevertheless, this restricts the order of the consistency error qn — q, so that for
higher-order convergence a better approximation of the flux vector is required. But then it is additionally required that
for all v, € Vi, with div(vpq) # 0 the discontinuous function div(vpap)|q, is not La-orthogonal to Vi,. In analogy to the
DPG or HHO method, this may require to modify the discrete ansatz and/or test space.
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10 A space-time DG method for the linear transport equation

5. Convergence of the DG space-time approximation for linear transport

We show for a sequence of meshes that uniform stability in Ly implies asymptotic convergence, and then, in case that the
solution is sufficiently regular, we prove qualitative convergence in the DG norm.

5.1. Asymptotic convergence

For a sequence of mesh sizes H = {hg, h1, ha,...} C (0,00) and 0 € H, let (Qh) heH be a shape-regular family of space-time

meshes and (V) the corresponding DG finite element spaces, so that

heH

}lliGH?}tngelthv—vhHQ =0, velyQ). (5.1)

For h € H, let uy, € V}, be the solution of the discrete problem (4.1), i.e
bn(up,vp) = (uo7 vh(O))Q - (gin, vh)[xf‘m , v € V.

Since %th(O)H?2 + %H lan - n|1/2vh|ﬁhxrin < |Uh’i,DG’ inf-sup stability implies for the discrete solution uj, € Vj,

b (un, vn) (u’, Uh(o))g - (gin,'Uh>Ih><Fin
Cintsup|[Un], e < sup oS = sup
'7 vr €V \{0} thHh DG vnEVR\{0} ththDG

< V2[u’llg + V2 [lan -0~ g

A

thXFm :

Lemma 5.1. Assume for the approximation of the fluxz vector q; and the solution discrete uy, € Vj,
1) Cin > 0 exists such that H lar - n|_1/291nHIXp < Cin 18 uniformly bounded for h € H;
: 1/2 .
2) Cq > 0 exists such that || lan - n|Y/ uhHIthQh < COIH“hHIthQh for all h € H,;
3 ; .e., li — =0.
) strong convergence in Lo, i.e., }ILIEII?}L ||qh qHQ 0
Then,
(up)nhen is weakly converging in La(Q);
the weak limit u € La(Q) is a weak solution;
the weak solution u € La(Q) is unique;
the weak solution is also a strong solution satisfying Lu = 0 in Q, f(u) -n = gi, on I x Ty, and u(0) = u® in Q.

T o

)
)
)
)

Qo

Proof. From 1), 2) and 2 = 02+ 80172002, < 35, + 2l o, e bt by
(5.2) and (4.6) for the discrete solution

V2

HuhHh’DG = Cinf-sup (HuOHQ +Cin) ’ HuhHh DGJr - \/1 *3 2 max{l Cz}cgr ||h 1/2uhHQ ’ heH, (53)

and depending on the mesh regularity we get cmth*l/QuhHéh <h! HuhHZ We set C = \/1 + 3 max{1,C2}CZ.

For h € H let t,, n = 0,..., N, be the time steps in [0,T], and set At, = maxt, . For dpp(t) = tn_1s in
(tn—1,h,tn,n) We obtain from (4.5) the bound 0 < dr(t) — dr(t) < Aty < cth, and together with (5.3) this yields

1/2h /2

H(dT — dth)uhHh,DG‘*' < crefh ||uhHh pa+ < crefh C+Hh 1/2 uhHQ <c tCremr ||uhHQ By Lem. 3.2 we get

ref

HuhHé +T Huh(O)H?2 < 2bp(un, drun) = 2bp(un, drnun) + 2 by (un, (dr — dr.p)un)
< 2(“07dT’h(0)“h(0))Q - 2(9invdT’h“h)1xri +2 H“hHh DGH(dT - dT,h)“h||h,DG+
< 2T [[u?] g [|un (0| + 2T Cin FC 02 Jun |, pellunll

20 h 2
[unll), pe + ? el pe + 5 lunllgy

+2c.

HQ uh‘h,DG ref

2 4T Gy

T
<27 [l g + 5 [lun(O)ll

so that, using (5.3), the discrete solution is bounded by

2C%h
H”hHh,DG + 2 Z H“huh,DG
ref~mr

22T Gy, 4C% h
<27 [+ 2 (0], + Cun) + e ()], + Cin)

X 2
Cinf-sup Cint- supcrefCIan

1 T
5 lunllg + 5 [ @)g < 27| + 27 i
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C. Wieners 11

Then a subsequence Ho C H with 0 € H exists such that (up)nep, is weakly converging to u € La(Q) and as well
(uh(O))h€H0 is weakly converging to u(0) € La(2).

For all smooth test functions v € V* and corresponding discrete approximations vy € V, h € H with

lim (flan - V0 = vn)llgy + 10:v = va)llg, + v = vallo + [[v = valloq, ) =0

we obtain, using (3.8) and strong convergence 3) of qj, the identity

b(u,v) = hlé%o b(up,v) = hlérﬁo (bh(uh,v) + (uh, (an —q) - Vv)ﬂ> = hlég[{lo b (up, vp)

hlég'llo <(u0’vh(0))g - (gin’”h)lhxrm> - (UO’U(O))Q B (gi”’v)Ime ’ (5:5)

i.e., u is a weak solution. Moreover, b(u,v) = (u,—0w — q - VU)Q = 0 for v € CL(Q), so that the weak derivative
Opu + divf(u) € Lo(Q) exists and dyu + div f(u) = 0, and we obtain for smooth test functions v € V*

(u”,0(0)),, — (gir”v)IxF;n = b(u,v) = (u,—0w —q- VU)Q
= (u, -0 —q- VU)Q — (&gu + divf(u),v)Q = (u(O),v(O))Q — (f(u) . n,v)lxrin ,

so that u(0) = u° in Q and f(u) - n = g, on I x 'y, i.e., u is also a strong solution.

Next we show uniqueness. Therefore, assume that @ € Lo(Q) is also a weak solution, i.e., b(u — u,v) = 0 for v € V*.
With the same arguments as above, we can show that a solution v* € Ly () of the dual problem backward in time

—0pw* —q-Vv*=u—uinQ, v*(T)=01in Q, v*=0o0n (0,T) X Tous
exists. Then, we have for all for v € V*

0="0bu—u,v)=>blu—1uv")+bu—1uv—0v*)= ||u—ﬁ||2Q+b(ufﬂ,va*).

Since ing’ ’b(u — u,v — v*)| = 0, this implies v = 4. Thus, the weak solution u is unique, and therefore also for the
veV*

discrete solutions (up)pew only one limit exists. O

Remark 5.2. The assumptions 1) and 2) in Lem. 5.1 are weighted with |qy, -n|'/? and, by duality with |qu -n|~Y/2. This
is a consequence of the upwind flux and the corresponding choice of the DG semi-norm, so that the numerical analysis uses
weighted Lo norms [Dérfler et al., 2023, Thm. 2.8] for the traces in space, as it is also used for the boundary semi-norm
in [Ern and Guermond, 2021, Chap. 57.5.2].

Here, the objective is to show that the standard approach used for hyperbolic conservation laws applies to our setting: the
discrete solutions are uniformly bounded, and by consistency of the discretization the weak limit is a weak solution.

Alternatively, the existence of a weak solutions can by shown by the LL* approach, as is is proved for our application
class in [Dorfler et al., 2023, Thm. 2.8]. Therefore, one shows that L*(V*) C Lo(Q) is surjective, see [Dirfler et al.,
2023, Lem. 2.12] for the wave equation.

Let V* be the closure of V* in H(L*; Q) = {v € L2(Q): L*v € La(Q)} with respect to the graph norm. Then it can be
shown that L*: V* — Ly(Q) is an isomorphism. This is the basis to apply the theory in [Broersen et al., 2018], where
the linear transport equation in space is analyzed; defining § = (1,q)" directly transfers the analysis in space for the DPG
approximation into our space-time setting and provides an alternative for the numerical analysis in a different norm.

Remark 5.3. Ezxplicit time stepping schemes for hyperbolic equations require a CFL condition; nevertheless, for qualitative
estimates it is required that the transport velocity cres and the relation of mesh size and time steps h/ Aty is well balanced.
This is related with assumption 2) in Lem. 5.1: the constant Cq directly corresponds to the transport velocity, and if
assumption A2) is not valid, the transport velocity cannot be bounded.

Remark 5.4. In applications where the flux is determined by Eqn. (2.7), the flux vector is discretized and approximated
by qn, and the results in Lem. 5.1 depend on uniform bounds for qp. Alternatively, one can assume sufficient reqularity
for q, e.g., g € Wh>°(div; Q) and |q|~t € Loo(2), see [Broersen et al., 2018].

Remark 5.5. The proof of Lem. 5.1 follows the classical Lax equivalence theorem for linear equations: stability and
consistency of numerical approximations imply convergence. For a class of nonlinear conservation laws this is generalized
to K-convergence in [Feireisl et al., 2020].
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12 A space-time DG method for the linear transport equation

5.2. Qualitative convergence estimates in the DG norm
Theorem 5.6. Assume that the solution of (2.6) is sufficiently smooth satisfying u € H"(Q) with

1 <r <min{p, k,Snx}+1.
n,K

Then, the error for the discrete solution uy, € Vi, of (4.1) is bounded by

< Cih™ V2 D] o + CoTh ™2 || div £(u) — div £ (u

(O

uh”h DG HQ

with C1,Co > 0 depending on the mesh regularity, the polynomial degrees in Vy,, and the flux vector.
Proof. By the assumption u € H(Q), for the solution all jump terms are vanishing, so that by (3.3) and (3.5)

by, (u, wp) = (Qyu + div fh(u)7wh)Q + (u(0),wr(0)), — (F(u) - m, wh)[xrm
= (8tu +div £y (u), wh)Q — (8tu + div f(u) wh)Q + (u0) wh(O))Q — (gin, wh)[xF;n
= (div £y (u) —divf(u),wh)Q—i—bh(uh,wh), wp, € Vi, (5.6)
i.e., we have Galerkin orthogonality up to the data error.

By (5.3) we obtain HwhHi,Dc& < C+Hh_1/2whHQ <Cicil 1HwhHQ, so that by Lem. 3.2

2
||whHQ < 2bp(wn, drwp) < 2 Hwh||h,DGHdTwhHh,DG+ <2T HwhHh,DGHwhHh,DG+
1
< 2T [[wn,, pe \/ Cremth = fwnllg < 27 Crenth™ [fwnlfy g + 5 lwnllg

ie., ||wh||Q < C’3Th*1/2||wh||h7DG with C3 = 24/Ccmi. Thus, the consistency term can be bounded by

(div £, (u) = div £(u), wp) , < || divEn(u) = divE(u)||llwn]|, < CaTh™?|| div s (u) — divE(u

HQ’ HQHwhHh DG

Using Thm. 4.2, (5.6) and continuity of the bilinear form by (-, -) in the DG norms, we obtain for all v, € V},

by (w, — vp, wp) b (u — vp, wp) + (div £ (u) — div f(u),wh)Q
Cinf—supHuh - vhHh DG < sup - - sup
’ wi€Vi\{0} HwhHh,DG wr €V \{0} HwhHh,DG
< Ju—vnll, pge + CoTh™ V2| div £5, () — divE(u)]|, - (5.7)
Let vy, = II$'u be a stable quasi-interpolation of Clement-type [Bartels, 2016, Sect. 4.4.2] with
W = T | o + [|8e (u = M) ||, + || div £(u) — div (I ) ||, < Car||[Dufl,,  Du= (%Z)
with a constant C¢; > 0 depending on the mesh regularity, the polynomial degrees in V}, and q.
For » < min{p, s} + 1 the interpolation estimates [Di Pietro and Ern, 2011, Lem. 1.59] yield
[|lu— HgluHQ + h1/2||u - Hglunth + 1|0 (u — 1) + div £, (u — HSIU)HQ}L < CmthTHDTuHQ
with Cins > 0 depending on the mesh regularity. Then, the result follows from (5.7) by
Hu - “hHh,DG < H“ - HgluHh,DG + Huh - HSIU’Hh,DG
< =Tl s + Cintou ([l = T, s+ Co TR v £ ) — div E(w)]] )
< Cil" V2D ul| o + CoTh™ V2| div £5,(u) — divE(u)]| 5 -
U

Remark 5.7. The error analysis in the graph norm \/Hv||2Q + |0 + div £(v) ||, is more restrictive with respect to the
regularity assumptions, e.g., O(h) convergence requires for the solution the reqularity u € H2(Q), cf. [Dorfler et al., 2016].
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Remark 5.8. If the flux vector q is sufficiently smooth, the consistency term can be estimated by
[ div £n(w) = divE(u)|, < [|diva —divan|| [lullg +[la—an][[Vell,-

In general applications, only q € H(div, Q) can be assumed. Then, the consistency error can be estimated in case of higher
regularity of the solution: if u € La(0,T; WL(Q)) with r > 2, we obtain

H div £ (u) — div f(“)HQ < H div(q — qh)HQHuHQ + Hq - qh’ Ly,/(,,,,l)(Q;Rd)HVUHLQ(O,T;LT(Q;Rd)) :

Since we use lowest-order Raviart-Thomas approximations of the flux vector, this is limited by O(h), cf. Rem. 4.3.
6. An error indicator of residual type

In case that the solution w is sufficiently smooth and the traces on 0Q);, are well-defined, the error u — uy in the DG
semi-norm takes the form

1 1 = 1
= b, = (3150 = O 5 3 ol + 31 - O (61
n=1

1/2

1 1

+1 Z Z H|qh.nK|l/2[uh}K,FHihxF+2|||qh.n|1/2(u—uh)”ihx69> .
KeK, FEFxkNQ

On the inflow boundary we can estimate H|qh 0|2 (u - uh)HIthin < |||qh 0|7V (u — uh)thxpm and thus
1
im0 w2 et nl 2~ ) w2 - nl ) — )
and for the DG norm we get
Hu - uhHi’DG = |u - uh|}2Z pa + ||h1/2 (O¢(u —up) +dive,(u — Uh))HQQh (6.2)
< Ju—unj e + 2|2 @ + div £ (un)) |5, + 2|12 div(E(w) — En(w))][5, -

Up to the error up — w at final time T and on the outflow boundary in (6.1) and without estimating the approximation
error of the discrete flux in (6.1) and (6.2), this is explicitly evaluated by the residual error indicator

1/2
Thres,h = ( Z 77365,1%)

ReR
given by the local contributions
nrQes,R nres n,K + 2hK Hatuh + div fh uh HR
1
+ 1 Z lan - ng |2 [un] KF||Ih><F +|[lan - n|” Y2 (gin — £n(un) - ||Ih><(8KﬂFm)

FeFrnNQ

for R = (tn—1,tn) Xx K, n=1,..., N and residuals at t,,_; and t,

1 1

Mes, 1,5 = 5[0 = un (0)][7 + gH[uh]lHi@ R=(0,t1) x K,
1 1

’r]r2es,n,K = ZH[uh]n—lHi{+Z|Huh]n”i(7 R= (tn 1,1t ) XK,1<n<N,
1

Ufes,N,K = ZH['UJh]N—lHi{, R=(tn_1,T)x K.

Lemma 6.1. Let u € Lo(Q) be the weak solution of (2.6) and up, € V3, the discrete solution of (4.1).
Then, if u is sufficiently smooth, the error in the DG norm is bounded by

1 1
lu=wnlly e < (W + 51 @n(T) = @[5, + 5 [lan - m 2@ =)}

B2 div(F — £ ( 1/2¢¢p _f 2 1/2
+2] div(f(u) — fp(u HQ + |llan - 0|2 (£ (u) — £4(u)) nHI,,,xFin) :
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14 A space-time DG method for the linear transport equation

7. Numerical experiments

The convergence results are illustrated by two numerical experiments in the domain € = (—0.5,0.5)? and 7' = 1.

In the first test we consider a linear flux vector and the smooth solution

u(t;x) =4 (_M) VOIS = g (2?5828)’ alx) = (2%)’

0, else, 2m

cf. Fig. 1. Starting with linear elements p = s = 1, we clearly observe linear convergence in the DG norm which is very
closely approximated by the error indicator. This is compared with results of a p-adaptive strategy, see [Dorfler et al.,
2023|[Chap. 4.6] for the algorithmic details. Then, two refinement/derefinement steps improve the order of convergence,
using quadratic and cubic approximations of the smooth solution and only finite volumes where the solution vanishes.

@ 75,1, uniform refinement

E = Hu — uhHDG h uniform refinement
] - Hu — uhHDG,h adaptive refinement 1
) -5 Hu - uhHDG ,, adaptive refinement 2

10~2

T - —
i
1 -
o S S A
T i ¥
H

4 5 6 7 8 S8 :
mesh level ¢ with mesh size h = 27hg HLEE e
e e i f

FiGUure 1. Convergence test for smooth test example.

In the second test we approximate the discontinuous piecewise constant solution of the Riemann problem

WO (x) = 1, 1+ 222 +5/9<0, q:(2>
0, else, 1/2

where the interface cannot be resolved by the mesh, cf. Fig. 2. Since the solution is not in H!(Q), Thm. 5.6 cannot be
applied. Numerically we observe convergence with a rate smaller than 1/2, and adaptivity can reduce only the problem
size for a fixed accuracy but not the order of convergence.

10-04 —@- ")es,;, Uniform refinement
= Hu — uhHDG N uniform refinement
- ||u — uh”DG , adaptive refinement

1070.6 |

0.4

10—0.8 . 1

4 ) 6 7 8

FI1GURE 2. Convergence test for the Riemann problem.
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8. Hybridization to the space-time skeleton

By (3.2) and (3.4) we obtain for the discrete bilinear form (3.7) the dual representation

N
b (v, wi) = —(vn, Dewp, + g - th)Qh - Z (Un.n(tn), [wnln) o, + Z Z (£ p(vn) N, wn k), o
 n=1 KeK, FEFK

For the hybridization we introduce appropriate trace variables in space and time. Therefore, we define the linear mapping
I,P: Vi, — L2 (0Qn N Q) onto the space-time skeleton in the interior of the space-time domain by

U p(tn) InQpforn=1,...,N—-1,
Hzpvh: Unh,K on IhXF,FE}—?{uth,
Vh,Kp OIlIhXF,FE./_'}?ﬂQ,
and this defines the discrete space Vi, = I,P (Vy).

For the discontinuous discrete solution up, = (un,g)rer, € Vi we define @y, = I, uy,. If @), = I, uy is known, in every

space-time cell R = (¢,—1,t,) x K, n=1,..., N the local solutions uj g € Vj g can be recovered from the local equations
bu,r(un,r, Wh,R) = —bn,r(Un, W r) + ln,R(Wh R), wh,r € ViR (8.1)
with
b,z (Vn. R, Wh.R) = —(Vn,R, Own R + A - Vwn r) p + (Vn.R(tn), wh R (tn)) ;o + (Fr(vn.R) - nK,wh,R)In,hX(Fﬂpout) ;
forn>1
bn,r (@, wh,r) == (U (tn—1), Wh,r(tn-1)) c + (Fa(@h) DK, whR), orna)  (nr(Un, whR) =— (9ins wn,R) 5 (FALs)

and for n =1
b, (s wn, ) = (£ (@) nK7wh’R)1n,hX(8KﬂQ) ’ Ch,r(Un, wn,R) = (uoawhﬂ(o))g - (gimwh,R)I,,L,;Lx(FnFm) ‘

Lem. 4.1 transfers to by, r(-,-) and Vj_ g, so that the local problems (8.1) have a unique solution.

Defining By, € L(Vi, V), By, € L(Vy,, V}) and €;, € V/ by

(Bhvn,wn) = Z bn.r(Vh,R, Wh,R) s (BhUn, wp) = Z b, R(Un,R, Wh,R) s (U, wn) = Zgh,R(wh,R)
RERy, RER R

yields (By, + Ehﬂzp)uh = {5, for the discrete equation (4.1), so that
Brup + Eh@h =4, Hzpuh = Uy, and Up = B}?l (fh — Ehah) .
Lemma 8.1. 4y, € 17h is the unique solution of the sparse linear system in ‘7h

(idg, +IL° By By )iy, = 1P B, 4y, (8.2)

Proof. By construction we have 1y, = II," B, 1 (E;L - E;ﬁh), so that @y, solves (8.2). It remains to show uniqueness, i.e.,
that id‘7h —&-Hzp B, léh c L'(‘A/h,‘/}h) is injective. Therefore, consider a solution v}, € 17h of the homogeneous problem
(idg, +IT° B, ' By) oy = 0. For vy, = —By ' By,oy we get 0, = 1T\ vy, This yields Byvy, + ByILvy, = Byt — Byoy =0
and thus by (v, wy) = ZReRh (bh’R(’Uh’R,ﬂ)hJ?) +3th(Hzpvh,whyR)) = (Bpup + Ehﬂzpvh,wh> =0 for all wy, € V4, so

that v, = 0 by Lem. 4.1. This proves injectivity and, since dim ‘7;1 < oo also unique solvability of (8.2). O

Remark 8.2. Here we only introduce a reduction to skeleton degrees of freedom 17h = IL,"(V4) for the upwind DG
method, see also [Bui-Thanh, 2015] for more applications. An extension corresponding to the ideal DPG method yields a
formulation in Vy X ‘7h and defines the reduced system in ‘7h by ezxact solutions of the transport equation in the space-time
cells R. Corresponding to the practical DPG method a fine space Vi, C Vy, and a smaller subspace 17h C I (Vh) can be
selected [Gopalakrishnan and Qiu, 2014[. Then, the local transport problems are solved very accurately, but the overall
conservation property depends on ‘A/h. Note that the DPG method yields a symmetric positive definite system for the
skeleton reduction also for hyperbolic problems while the hybridization of the upwind DG method is not symmetric.
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9. Conclusion

We established for the transport equation well-posedness and stability of the space-time DG method with full upwind,
and we showed for solutions in H"(Q)) convergence in the DG norm. This implies for every time step u(t, ) regularity in
H"~1/2(Q) and convergence of order O(h"~/2) in Ly(Q).

First numerical results show that the error control in the DG norm with the indicator 7y, is very efficient in the case of
smooth solutions and is also quite accurate for solutions with low regularity. In the next steps, the efficiency of different
adaptive strategies and a comparison with the hybrid formulation will be considered. In case of smooth solutions, it
is required to extend the convergence analysis to higher-order approximations of the flux vector. In addition we will
investigate how to estimate the remaining term wuy,(7T) — «(7T') in the error control, e.g., by solving the (discrete) adjoint
problem backward in time.

The hybrid formulation of the full upwind DG method for linear transport is closely related to the DPG method since
it ensures weak continuity on the element faces in space and in time. On the other hand, the hybrid reduction is not
symmetric, and the analysis in the mesh-dependent DG norm is different from the analysis with respect to the graph
norm and yields estimates with lower regularity requirements. This relies on the construction of the DG norm which also
provides a bound for the jump terms on the element faces. If a corresponding error analysis including inf-sup stability
with respect to a suitable mesh-dependent norm can be transferred to the general DPG setting remains an open question
which will be investigated in future work.
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